Abstract. We study the normal bundles of the exceptional sets of isolated simple small singularities in the higher dimension when the Picard group of the exceptional set is Z and the normal bundle of it has some good filtration. In particular, for the exceptional set is a projective space with the split normal bundle, we generalized Nakayama and Ando's results to higher dimension. Moreover, we also generalize Laufer's results of rationality and embedding dimension to higher dimension.
Introduction
Let X be a complex manifold of dimension n containing a compact smooth irreducible analytic submanifold Z of dimension p. The submanifold Z is called exceptional or contractible, if there exists a birational proper morphism ϕ : X → Y whose exceptional set is Z, where Y may be an algebraic space or an analytic space. If the subset Z of X is of codimension greater than or equal to 2, the morphism ϕ is called a small contraction, and the pair (ϕ(X), ϕ(Z)) is called the small singularity. Moreover, if dim ϕ(Z) = 0, then the singularity is called isolated simple small singularity.
When X is a smooth projective surface, an algebraic curves C is exceptional if and only if its normal bundle N C/X is negative. When dimX ≥ 3, Grauert has shown that if the normal bundle of algebraic set Z, N Z/X , is negative, then Z is exceptional. But the reverse is not true. For example, we know many exceptional curves whose normal bundles are not negative (cf. [La1] ). However, Nakayama and Ando have some very interesting works on the normal bundles of exceptional curves in the higher dimension (cf. [An1] , [An2] , [Na] ), especially for the exceptional set is a rational curve. Theorem 1.1. (cf. [An2] ) Let X be a nonsingular projective variety of dimension N ≥ 3 over C, and let P 1 ∈ X. Assume that surjective morphism f : X → Y is a contraction map with the P 1 as the exceptional set. Let the normal bundle From another perspective, when X is a smooth projective variety such that the canonical bundle K X is not numerically effective. According to the Mori's theory, there exists a contraction morphism ϕ : X → Y such that the fibers of ϕ are connected. The major goal of Mori's theory is to construct a minimal model for each nonuniruled birational equivalence class of varieties. Studying the structure of small contraction maps, as well as finding the associated "surgery operation" (flip), is of great importance for the minimal model program. To this end, it is essential to analyze the exceptional loci and their normal sheaves ( [Mo] , [Ka] ). When n = 4, Kawamata ([Ka] ) proved that the exceptional locus E of ϕ is a disjoint union of its irreducible components E i such that E i P 2 . In general, when n = 2k, Zhang ([Zh] ) proved that if each irreducible component E i of the exceptional locus E of ϕ is a smooth subvariety of dimension k, then E i P k . He also gave the result when n = 5 and p = 3. Later, Su-Zhao studied small contractions of odd dimensional smooth complex projective varieties. More precisely, they showed that when n = 2k − 1, if each irreducible component E i of the exceptional locus E of ϕ is a smooth subvariety of dimension k, then E i is isomorphic to P k , quadratic hypersurface Q k ⊆ P k+1 , or a linear P k−1 -bundle over a smooth curve. Moreover, if dim ϕ(E) = 0, the third case never happens. Since dimE ≥ 1 2 dimX by [Wi] , we know that the structure of E is very simple when the dimension of E is the minimum for a small contraction ϕ : X → Y. Therefore studying the projective space as the exceptional set is a basic and important research direction, especially for the normal bundle of the exceptional set. Kachi ([Kac] ) study the normal bundle of P 2 as the exceptional set of some special flip contraction. However, as far as we know, such kind of result is very few for higher dimensional exceptional set . The simple reason is that the vector bundles on P k are not known very clearly. So, even if the normal bundle of the exceptional set splits, the explicit split type is still unknown.
The purpose of this paper is to study the normal bundle of the exceptional set of isolated simple small singularities in the higher dimension case when the Picard group of the exceptional set is Z and the normal bundle of it has some good filtration. The typical example is that the exceptional set is projective space with splitting normal bundle. So we generalized Nakayama ( [Na] ) and Ando's ([An2] ) results to higher dimension. Definition 1.2. Let E be a holomorphic vector bundle on a variety Z of rank r and PicZ Z. If there exists a filtration
where a i ∈ Z, we call E has a good filtration.
Let X be a complex manifold with a compact smooth irreducible analytic submanifold Z with Pic Z Z. Suppose dimX = n, dimZ = p, and n−p ≥ 2.
Our main result is as follows.
Theorem 1.3. Let X be a complex manifold of dimension n and Z be an exceptional set of dimension p (n − p ≥ 2) of an isolated simple small singularity such that Pic Z Z. Let I Z be the ideal sheaf of Z ⊆ X. If the conormal bundle I Z /I 2 Z has a good filtration, then
where
Remark 1.4. There are many new restrictions of those a i 's indeed if the dimension of Z is odd. For example, fix the same assumption as Theorem 1.3 and let dimZ = 3, then
Corollary 1.5. Let X be a complex manifold of dimension n and P p be the exceptional set of an isolated simple small singularity, (n − p ≥ 2). If the normal bundle
and a
If we let p = 1, then we can get Nakayama and Ando's result, Theorem 1.1. Corollary 1.6. Fix the same assumption as Theorem 1.3 and suppose dimension of Z is odd of codimension 2 in X, then a 1 +a 2 ≥ 0 and 2a 1 +a 2 ≥ 0.
In [La1] , Laufer gave a sufficient condition for the rationality of an isolated singularity when the exceptional set is P 1 . Moreover, he also calculated the Hilbert function of the singularity and gave the embedding dimension of it especially. We generalize Laufer's results to higher dimension as follows.
Theorem 1.7. Let Z P p be an exceptional set in the n-dimensional manifold X. Suppose the normal bundle
In particular, at y the embedding dimension of Y is
2. Normal bundles of the exceptional sets Let X be a complex manifold of dimension n and Z be an exceptional set of X of dimension p with Pic Z Z. Let I Z be the ideal sheaf of Z ⊆ X and I Z /I 2 Z be the conormal bundle of Z in X. Definition 2.1. For two ideals F and J with I Z ⊃ J ⊃ F and Supp
Clearly, these are independent of the choice of a filtration by the properties of Chern classes. 
By the similar argument by Ando in [An1], Proposition 2.5, for any nonnegative integer integer r, we have the following result. We mimic Ando's proof as follows in order to keep this paper self-contained. Proposition 2.3.
Proof. On a small neighborhood U of p ∈ Z, we can find a set of functions g 1 , · · · , g n−p on U corresponding to the above filtration with g i ∈ Γ(U, F i−1 ) and the class of g i modulo F i is a local base of the invertible sheaf
Next we only prove the second assertion. Put
It is enough to show this on U. Let x α be a monomial in g 1 , · · · , g h of degree α, y β be a monomial in g h+1 , · · · , g n−p of degree β. Since G k and H k are generated by the monomials in the form x α y β , it is enough to show that if
On the other hand
Thus we have
. By the definition of numerical equivalence, we have
For the first assertion, put
r . By repeating the above process, we are done. For the last assertion , put J = I Z and we are done.
Q.E.D.
The following combinatoric results will be used in the proof of the main theorem. 
Lemma 2.6. For any positive integer i, j, k,
Proof of Theorem 1.3:
Proof. By Proposition 2.3, we have
where ch(O X /I r Z ) is the exponential Chern character of O X /I r Z . By Lemma 2.6, we know that for any1 ≤ j ≤ p,
is a polynomial in a single indeterminate r of degree n. By Lemma 2.6, for any (t 1 , t 2 , · · · , t n−p ) ∈ T , we know the leading coefficient of
is t 1 !t 2 ! · · · t n−p !. Thus the leading coefficient of the above polynomial is (t 1 ,t 2 ,··· ,tn−p)∈T On the other hand,
However, because Z is the exceptional set,
by the holomporphic functions theorem (cf. [Knu] , Chapter 5, Theorem 3.1), where ϕ : (X, Z) → (Y, y) is the contraction morphism. Therefore, dim lim
Thus there exists some constant M which is independent of r such that
Moreover, for any 1 ≤ h ≤ n − p − 1, put J = F h , we can consider the sheaf O X /J r , then by the similar argument as above, we only need to focus on the leading coefficient of the polynomial χ(O X /J r ). Similarly, we have
If the exceptional set is P p and the normal N P p /X bundle splits, then I Z /I 2 Z can have several good filtrations. So we have many inequalities.
Corollary 2.7. Let X be a complex manifold of dimension n and P p be the exceptional set of an isolated simple small singularity, (n − p ≥ 2). If the normal bundle
where Similarly, 2a 1 + a 2 ≥ 0.
Isolated small singularities
Fixed the same notations as the formal sections. When dimX ≥ 3, Grauert has shown that if the normal bundle of algebraic set Z, N Z/X , is negative, then Z is exceptional. But the reverse is not true. Even the first Chern class of the normal bundle is not negative. However, if we consider locally a Stein neighborhood of an isolated Gorenstein singularity such that the canonical divisor of Z is negative, then c 1 (N Z/X ) < 0. In fact, since a small resolution is crepant and the canonical divisor ω X is trivial, by adjunction formula, we have
If the exceptional set of a simple small singularity is P 1 , Laufer studied the embedding dimension of such singularity ([La1] ). If the exceptional set is P p , we can have similar result. Example 3.1. Let U, V and W be C
